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The motivation

Natural phenomenon: Solids can be classified on the basis of their internal structure:
crystalline and amorphous. In certain crystalline materials, such as calcite and quartz,
the speed of light does not is the same in all directions (anisotropic material)

Cuarzo and Calcita.

These materials are often called double refractive or birefringent.
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The motivation

When a ray of light passes through an anisotropic medium, it breaks down into two
rays, one ordinary and the other extraordinary. [G.P. Agarwal, 1995] and [R.A.
Serway, J.W. Jewett Jr, Vol 2, 2014].

Crystal of calcita.
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Mathematical model

We have {
iut + uxx = (|u|2p + β|u|p−1|v |p+1)u,
ivt + vxx = (|v |2p + β|v |p−1|u|p+1)v ,

(1)

where t, x ∈ R, p > 1 is a number odd integer (technical hypothesis), u = u(x , t) y
v = v(x , t) are complex functions called wave function. The β parameter is a
positive real constant and is interpreted as birefringence intensity, ut y uxx are the
time and space derivatives of wave functions.
For the correct statement of the problem, the system (1) is complete with initial
conditions

u(x , 0) = u0(x), v(x , 0) = v0(x) en R, (2)

Se observa que si en (1) se hace β = 0, entonces este se reduce al modelo clásico de
Schrödinger. {

iut + uxx = |u|2p u, x , t ∈ R
u(x , 0) = u0(x).

(3)
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The Heat Equation

We consider the region (open and connected):

G = {(x , t) ∈ R2/0 < t < T , a(t) < x < b(t)}

where a(t), b(t) are curves be given for 0 ≤ t ≤ T .

We consider the Heat Equation:

ut = uxx , (x , t) ∈ G . (4)
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The Heat Equation

Problem. Find a function u ∈ C2(G) such that ut = uxx .
If u exists, then u is called solution of the Heat Equation (4).
Theorem.- There is at most one solution u(x , t) in the region G of the Dirichlet
initial-boundary-value problem (PVIF)

1 ut = uxx + F (x , t), para todo a(t) < x < b(t),
2 u(a(t), t) = g1(t) y u(b(t), t) = g2(t), 0 < t < T ,
3 u(x , 0) = u0(x), a(0) < x < b(0).
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The Heat Equation

Definition.- The solution fundamental de (1) is define by the function

K(x , t) =
1
√
4πt

e−
x2
4t , x ∈ R, t > 0.

Lemma.-
1 Kt(x , t)− Kxx (x , t) = 0.
2 K(x , t) > 0.
3 Si t > 0, K(x , t)→ 0 exponenecialmente cuando |x | → ∞, y lo mismo vale

para las derivadas de K(x , t).
4 Para todo δ > 0, limt→0+K(x , t) = 0 uniformente sobre {x/|x | ≥ δ}.
5

∫∞
−∞ K(x , t)dx = 1.

6 limt→0+
∫
|x |≥δ K(x , t)dx = 0 para todo δ > 0.
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The Heat Equation

Theorem.- Let f (·) : R→ R be a bounded and continuous function. Define
u(·, ·) : R× [0,∞)→ R by

u(x , t) =

{∫∞
−∞ K(x − ξ, t)f (ξ)dξ, t > 0,
f (x), t = 0.

(5)

Then u(·, ·) is bounded and continuous on {(x , t)/t ≥ 0}, it is infinitely differentiable
in {(x , t)/t > 0}, and it satisfies the initial-value problem{

ut(x , t)− uxx (x , t) = 0, x ∈ R, t > 0,
u(x , 0) = f (x).

(6)
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The Heat Equation

Remark.-
u(x , t) = (K(., t) ∗ f ) (x)

Doing calculations, we obtain u(., t) = S(t)f (.), t > 0, where S(t) : X → X , X = is
the R−linear space of continuous and bounded functions, we have S(t) = e−At ,
S(0) = I , S(t + τ) = S(t) ◦ S(τ), t, τ > 0 and A : X → X define by

A(u) = f ⇔ u, f ∈ X and − u′′(x) = f (x),

for all x ∈ R.
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Mathematical model

We have the coupled system of generalized nonlinear Schrödinger equations
iut + uxx = (|u|2p + β|u|p−1|v |p+1)u,
ivt + vxx = (|v |2p + β|v |p−1|u|p+1)v ,
u(x , 0) = u0(x), v(x , 0) = v0(x) en R,

(7)
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Solutions of finite energy

Lemma 1.- Let u and v be the solutions of (1), then we have

(a)
d
dt

(|u|2) = 2Im(uuxx ) and (b)
d
dt

(|v |2) = 2Im(vv xx )

Proof.- Caso (a). Multiplying (1)1 by u we have

iu ut + u uxx = (|u|2p + β|u|p−1|v |p+1)|u|2. (8)

Applying conjugate in the above equation

− iu ut + u uxx = (|u|2p + β|u|p−1|v |p+1)|u|2. (9)

Subtracting (8) with (9) we obtain

i
d
dt

(|u|2) + uuxx − uuxx = 0 ⇐⇒ i
d
dt

(|u|2) = uuxx − uuxx = 2iIm uuxx

⇐⇒
d
dt

(|u|2) = 2Im uuxx . (10)

In a similar way we obtain (b).
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Solutions of finite energy

Lemma 2.- (Densities conservation). Let (u, v) be the solution to (1)-(2). Let
(u0, v0) ∈ L2(R)× L2(R), then

‖u‖L2(R) = ‖u0‖L2(R) y ‖v‖L2(R) = ‖v0‖L2(R) (11)

Proof.- Integrating (10) over x ∈ R and using integrating by parts

d
dt
‖u‖2L2(R) = −2Im

∫
R
|ux |2dx = 0 ⇐⇒

d
dt
‖u‖2L2(R) = 0

and integrating over t ∈ [0, T ] we get the first term. Similarly for v . The lemma

follows.
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Solutions of finite energy

Lemma 3.- (Energy conservation). Let (u, v) be the solution to (1)-(2). Let
(u0, v0) ∈ L2(p+1)(R)× L2(p+1)(R), (u0, v0) ∈ H1(R)× H1(R) and p > 1 odd integer
number, then

‖ux‖2L2(R) + ‖vx‖
2
L2(R) +

1
p + 1

‖u‖2(p+1)
L2(p+1)(R)

+
1

p + 1
‖v‖2(p+1)

L2(p+1)(R)

+
2β

p + 1

∫
R
|u|p+1|v |p+1dx

= ‖u0x‖2L2(R) + ‖v0x‖
2
L2(R) +

1
p + 1

‖u0‖2(p+1)
L2(p+1)(R)

+
1

p + 1
‖v0‖2(p+1)

L2(p+1)(R)

+
2β

p + 1

∫
R
|u0|p+1|v0|p+1dx . (12)
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Solutions of finite energy

Remark.- From (12), using the Young inequality, we have

‖ux‖2L2(R) + ‖vx‖
2
L2(R) +

1− β
p + 1

‖u‖2(p+1)
L2(p+1)(R)

+
1− β
p + 1

‖v‖2(p+1)
L2(p+1)(R)

≤ ‖u0x‖2L2(R) + ‖v0x‖
2
L2(R) +

1+ β

p + 1
‖u0‖2(p+1)

L2(p+1)(R)
+

1+ β

p + 1
‖v0‖2(p+1)

L2(p+1)(R)
. (13)

We follows that, if 0 < β < 1 then, for all 1 < p < +∞ we have u, v ∈ L2(p+1)(R).
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Estimates for the solutions in L∞(R)

Throughout this paper job C is a generic constant, not necessarily the same. at each
occasion (it will change from line to line), which depends in an increasing way on the
indicated quantities.
We consider the operator J defined by

Ju = e ix
2/4t(2it)∂x (e−ix

2/4tu) = (x + 2it∂x )u.

The J operator commutes with the operator L defined by L = (i∂t + ∂2x ), this is,
LJ − JL ≡ [L, J] = 0. Moreover,

Jm(u) = e−ix
2/4t(2it)m∂mx (e−ix

2/4tu) = (x + 2it∂x )mu, m ∈ N,

where Jm(u) = J(Jm−1u), m ∈ N. Then, applying Jm to the equations (1)-(2)- we
obtain

i(Jmu)t + (Jmu)xx = Jm(|u|2pu) + βJm(|u|p−1|v |p+1u), t > 0, x ∈ R
i(Jmu)t + (Jmu)xx = Jm(|v |2pv) + βJm(|v |p−1|u|p+1v), t > 0, x ∈ R
Jmu(x , 0) = xmu0(x), Jmu(x , 0) = xmv0(x), x ∈ R.

(14)

We now present our first estimates for the system solutions (1)-(2).
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Estimates for the solutions in L∞(R)

Theorem 1. Let 0 < β < 1, p > 1 odd integer number,
(u0, v0) ∈ L2(p+1)(R)× L2(p+1)(R), (u0, v0) ∈ H1(R)× H1(R) y
(xu0(x), xv0(x)) ∈ L2(R)× L2(R). Then

‖u‖L∞(R) ≤
C
t1/4

, ‖v‖L∞(R) ≤
C
t1/4

(15)

and

‖u‖L2(p+1)(R) ≤
C

t2(p+1) , ‖v‖L2(p+1)(R) ≤
C

t2(p+1) . (16)

for all t > 0.
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Estimates for the solutions in L∞(R)

Remark.- Using the Gagliardo-Nirenberg inequality we have

‖u‖Lp(R) ≤ C‖u‖2/p
L2(R)‖u‖

(p−2)/p
L∞(R) .

Using Lemma 2 and (15) we deduce the following Lp estimate

‖u‖Lp(R) ≤
C

t(p−2)/4p
and ‖v‖Lp(R) ≤

C
t(p−2)/4p

.

for 2 < p ≤ +∞.
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Some Lemmas

Lemma 4.- Let k ∈ N, w ∈ L∞(R) and its derivatives of order m, ∂mx w ∈ L2(R),
then

‖∂mx (|w |2kw)‖L2(R) ≤ Cm‖∂mx w‖L2(R)‖w‖
2k
L∞(R), (17)

where Cm is a constant that depends of m.

Lemma 5.- Let p > 1 an odd integer number, w , z ∈ L∞(R) and its derivatives of
order m, ∂mx w , ∂mx z ∈ L2(R), then

‖∂mx (|w |p−1|z |p+1w)‖L2(R) ≤ Cm(‖∂mx w‖L2(R) + ‖∂
m
x z‖L2(R)) (18)

where Cm is a constant that depends of m.
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Regularity

Theorem 2.- Let (u0, v0) ∈ H1(R)× H1(R) with (xnu0, xnv0) ∈ L2(R)× L2(R) and
p > 1 odd integer number. Then there exists a positive constant Cm depending on
‖u0‖H1(R), ‖v0‖H1(R) and ‖xnu0‖L2(R), ‖xnv0‖L2(R) but independent of t such that

‖Jmu‖L2(R) ≤ Cmet and ‖Jmv‖L2(R) ≤ Cmet , (19)

for m = 1, 2, ..., n.
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Approximate solution

Lemma 6.- Let p > 1 odd integer number, we have (uk , vk ) is a Cauchy sequence in
C([0, T ] : H1(R))× C([0,T ] : H1(R)) for any T > 0. Moreover

‖uk − uj‖2H1(R) + ‖v
k − v j‖2H1(R) ≤ C(T )

[
‖uk0 − uj0‖

2
H1(R) + ‖v

k
0 − v j0‖

2
H1(R)

]
where C(T ) is a positive constant independent of k and j .
Lemma 7.- Let p > 1 odd integer number, for m = 1, 2, 3, ..., n, we have
{(Jmuk , Jmuk )} is Cauchy sequence in C([0,T ] : L2(R))× C([0,T ] : L2(R)) for any
T > 0. Moreover

‖Jmuk − Jmuj‖2L2(R) + ‖J
mvk − Jmv j‖2L2(R)

≤ c(T )
[
‖xmuk0 − xmuj0‖

2
L2(R) + ‖x

mvk0 − xmv j0‖
2
L2(R)

]
where c(T ) is a positive constant independent of k and j .
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Main Theorem
Theorem.-

1. Let p > 1 odd integer number, (u0, v0) ∈ H1(R)× H1(R) and
(xnu0, xnv0) ∈ L2(R)× L2(R) for some n ∈ N. Then, there exists a unique
solution (u(x , t), v(x , t)) of (1)-(2) satisfying

(u, v) ∈ Cb(R : H1(R))× Cb(R : H1(R)) (20)

(Jmu, Jmv) ∈ C(R : L2(R))× C(R : L2(R)), m = 1, 2, . . . , n. (21)

Moreover (u, v) satisfies the integral identities:
Densities Conservation

‖u‖L2(R) = ‖u0‖L2(R) and ‖v‖L2(R) = ‖v0‖L2(R).

Energy Conservation

‖ux‖2L2(R) + ‖vx‖
2
L2(R) +

1
p + 1

‖u‖2(p+1)
L2(p+1)(R)

+
1

p + 1
‖v‖2(p+1)

L2(p+1)(R)

+
2β

p + 1

∫
R
|u|p+1|v |p+1dx

= ‖u0x‖2L2(R) + ‖v0x‖
2
L2(R) +

1
p + 1

‖u0‖2(p+1)
L2(p+1)(R)

+
1

p + 1
‖v0‖2(p+1)

L2(p+1)(R)

+
2β

p + 1

∫
R
|u0|p+1|v0|p+1dx .
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Main Theorem

2. Let (u0, v0) ∈ H1(R)× H1(R) with (xnu0, xnv0) ∈ L2(R)× L2(R) and p > 1
odd integer number. Then there exists a positive constant Cm depending on
‖u0‖H1(R), ‖v0‖H1(R) and ‖xnu0‖L2(R), ‖xnv0‖L2(R) but independent of t such
that

‖Jmu‖L2(R) ≤ Cmet and ‖Jmv‖L2(R) ≤ Cmet , (22)

for m = 1, 2, ..., n.

3. Let β < 1, p > 1 odd integer number, (u0, v0) ∈ L2(p+1)(R)× L2(p+1)(R) ,
(u0, v0) ∈ H1(R)× H1(R) and (xu0(x), xv0(x)) ∈ L2(R)× L2(R). Then, for all
t 6= 0 we have

‖u‖L∞(R) ≤
C
t1/4

and ‖v‖L∞(R) ≤
C
t1/4

and

‖u‖L2(p+1)(R) ≤
C

t2(p+1) and ‖v‖L2(p+1)(R) ≤
C

t2(p+1) .
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Main Theorem

Proof of the main theorem.- From Lemma 6 and 7 we obtain that there exists
u = u(x , t) and v = v(x , t) satisfying (20)-(21) and such that for any T > 0 we have

uk −→ u strongly in C(R : H1(R))

vk −→ v strongly in C(R : H1(R))

and

Jmuk −→ Jmu strongly in C(R : L2(R))

Jmvk −→ Jmv strongly in C(R : L2(R)).

It is easily verified that (u, v) solves (1)-(2) and satisfies (11)-(12).
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Remark and corolary

Remark.- If the assumption (22) holds, then

e
ix2
4t u ∈ C(R− {0} : Hm(R)), e

ix2
4t v ∈ C(R− {0} : Hm(R)).

Corolary.- If (xnu0, xnv0) ∈ L2(R)× L2(R) for all n ∈ N, then the solution (u, v) of
(1)-(2) is infinitely differentiable in x and t for t 6= 0.
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Existence and Uniqueness

Thank you
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