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Phase Space

Phase space structures are a geometrical way to look into the
solutions of systems of di�erential equations.

This geometrical approach allows to recognize at a glance regions into
the phase space with distinct origins or fates.

This geometrical approach has an impact on the understanding of
transport in chemical reaction dynamics/geophysical 
ows.
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Langragian Descriptors

We obtain the phase space structures using the method of Lagrangian
Descriptors that is based on the function M.
The function M measures the length of the trajectory curve projected on
the phase space when it is evolved forward and backward in time a �
interval.

Original Method-Arclength Definition (Madrid & Mancho 2009)

Scalar function measuring trajectory arclength starting at an initial
condition x0 = x(t0) as it evolves forward/backward for a time � .

M(x0; t(0); �) =

Z t0+�

t0��
jjv(x(t; x0); t)jjdt = M(f ) + M(b)
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Lagrangian Descriptors (p-norm Definition), p 2 (0, 1]

Mp(x0; t0; �) =

Z t0+�

t0��

NX
i=1

j _xi (t; x0)jpdt = M
(f )
p + M

(b)
p

Mathematical analysis of singular structures (non-di�erentiability and
relationship between LDs and invariant manifolds)
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Chemical Reaction Dynamics

Transition State Theory (1930s)- Determine Chemical Reaction Rates

Eyring, Polanyi and others - (Thermodynamics)

Wigner, "Phase space is the arena for chemical reactions"

Goal
Search for Dividing Surface (DS) in phase space separating reactants from
products with minimal 
ux and no-recrossing properties
Flux across the dividing surface = chemical reaction rate

Lyapunov Subcenter Manifold Theorem
Normally Hyperbolic Invariant Manifolds (NHIMs) bifurcating from index-1
saddles provide sca�olding to construct the DS
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First Example (Chemical Reaction Dynamics)

Joint work with

Stephen Wiggins (University of Bristol, UK)

Victor Garcia Garrido (University of Alcala, Spain).
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Example: 4 well potential

The Hamiltonian :

H(x; y; px ; py ) =
1
2

p2
x +

1
2

p2
y + V (x; y) ; (1)

where the mass in each DoF ismx = my = 1, � is the model parameter
representing the asymmetry in the double well potential of thex DoF, �
measures the barrier height corresponding to the potential of the x DoF,
and � represents the coupling strength between both DoF in the system.

The PES:

V (x; y) = x4 � � x2 � � x + y4 � y2 + � x2y2 : (2)
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The dynamical evolution of the Hamiltonian system in Eq. (1) takes place
in a four-dimensional phase space, and is determined by Hamilton’s
equations of motion:8>>>>>>>>>>>><>>>>>>>>>>>>:

_x =
@H

@px
= px

_y =
@H

@py
= py

_px = �@H

@x
= �@V

@x
= �4x3 + 2�x + � � 2�xy2

_py = �@H

@y
= �@V

@y
= �4y3 + 2y � 2�x2y

: (3)
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Consider the symmetric and uncoupled system with energy H0. Since the
system is conservative, dynamics is constrained to the three-dimensional
energy hypersurface:

S(H0) =

�
(x ; y ; px ; py ) 2 R4

���� H0 =
1

2

�
p2

x + p2
y

�
+ x4 � x2 + y4 � y2

�
;

(4)
and the total energy of the system can be split between both DoF to yield:

H(x ; y ; px ; py ) = Hx (x ; px ) + Hy (y ; py ) ; (5)
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PES for the uncoupled and symmetric H.S.

Figure: Potential energy surface in Eq. (2) for the uncoupled (� = 0) and
symmetric (� = 0) Hamiltonian system.
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A) B)

C)

Figure: Phase space structures of the linearized Hamiltonian given in the
neighborhood of the index-1 saddle xe = (0;

p
2=2; 0; 0). Panel A) depicts the

saddle space, B) is the center space, and C) represents the phase space
bottleneck in the vicinity of the index-1 saddle that allows transport, i.e. reaction,
from reactants to products.
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Goal

Our goal is to analyze, in terms of the model parameters, the geometrical
template of phase space structures, i.e. the underlying isomerization
pathways, that characterizes the dynamical behavior of the system.

Method

By applying the method of Lagrangian descriptors (LDs)
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A) B)

Figure: For the symmetric and uncoupled Hamiltonian system with energy
H0 = �0:15 in the neighborhood of the equilibrium point xe = (0;

p
2=2; 0; 0). A)

and B) depict the phase portraits in the x � px and y � py planes respectively.
We have marked with a magenta line the dividing surface x = 0 that separates
the upper-left and upper-right wells of the PES.
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For our analysis of the system, we �x a total energy of H0 and consider a
phase space slice that goes through the lower index-1 saddle of the PES:

P1 =
n

(x ; y ; px ; py ) 2 R4
�� y = �1=

p
2 ; py > 0

o
; (6)

and another Poincar�e surface of section (PSOS) that coincides with the
con�guration plane:

P2 =
�

(x ; y ; px ; py ) 2 R4
�� px = 0 ; py > 0

	
: (7)
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A) B)

C)

Figure: Phase space structures and evolution of initial conditions atH0 = � 0:2.
A) LDs calculated using� = 5 on the phase space slice in Eq. (6). B)
Superposition of LDs calculated using� = 5 on the PSOS in Eq. (7) with the
dynamical evolution of the initial conditions selected in panel A. C) Visualization
of the phase space dynamics in the 3D energy hypersurface.
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Figure: Phase space structure at energyH0 = 0 for the symmetric and uncoupled
Hamiltonian, as revealed by Lagrangian descriptors using� = 5 on the PSOS in
Eq. (6).
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A) B)

C)

Figure: Phase space structures and evolution of initial conditions atH0 = 0 :2. A)
LDs calculated using� = 5 on the phase space slice in Eq. (6). B) Superposition
of LDs calculated using� = 5 on the PSOS in Eq. (7) with the dynamical
evolution of the initial conditions selected in panel A. C) Visualization of the
phase space dynamics in the 3D energy hypersurface.
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Asymmetric Case

A) B)

C) D)

E) F)

Figure: Potential energy surface landscape (left column) and equipotential curves
in con�guration space (right column)
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A) B)

C) D)

E) F)

Figure: Potential energy for thex DoF and associatedx � px phase portrait.
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A) B) C)

Figure: Lagrangian descriptors calculated usingp = 1=2 and � = 5 on the surface
of sectiony = �

p
2=2 for the asymmetric uncoupled Hamiltonian system with

� = 0 :2. Energy levels: A)H0 = � 0:2, which is below the energy of the left
index-1 saddle and above that of the bottom index-1 saddle; B)H0 = � 0:1, that
is above the energy of the left index-1 saddle and below that of the index-2
saddle; C)H0 = 0 :2, above the energy of the index-2 saddle.
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Coupled Case

A) B)

C)

Figure: Phase space structures on the surface of section given in Eq. (6) at an
energyH0 = � 0:2 and dynamical evolution of initial conditions for the symmetric
and coupled Hamiltonian with� = 1, � = 0 and � = 0 :2. A) LDs calculated
usingp = 1=2 and � = 12. B) Poincar�e map superimposed with the stable (blue)
and unstable (red) manifolds extracted from the gradient of the LD function. We
have also marked in the picture four di�erent types of initial conditions. C)
Dynamical evolution of the initial conditions selected in panel B). In all diagrams
we have indicated the energy boundary with a magenta curve.
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Second Example (Oceanic modeling)

joint work with

Guillermo Garc��a-S�anchez (CTO of Digital Earth Solutions)

Evanne Marie Claire Smith (University of Bologna)

Ana M. Mancho (ICMAT, CSIC)
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Aims and scopes

Comparison of the transport performance of the analysis and
reanalysisis ocean models against observed drifters in a speci�c
domain in the North Atlantic

qualitative (LDs)
quantitative (LUQ)
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